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Abstract. We consider a mirror symmetry of simple elliptic singularities. In particular, 
^ ' we construct isomorphisms of Frobenius manifolds among the one from the Gromov- 

Witten theory of an weighted projective line, the one from the theory of primitive forms 
for a universal unfolding of a simple elliptic singularity and the one from the invariant 
theory for an elliptic Weyl group. As a consequence, we give a geometric interpretation 
of the Fourier coefficients of an eta product considered by K. Saito. 
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Introduction 

Mirror symmetry can be understood as a duality between algebraic geometry and 
symplectic geometry. It is an interesting problem to understand based on the philosophy 
of mirror symmetry some mysterious correspondences among isolated singularities, root 



^ ■ systems and discrete groups such as Schwartz's triangle groups. 

Let f{x, y, z) be a holomorphic function which has an isolated singularity only at 
^ ' the origin G C^. A distinguished basis of vanishing cycles in the Milnor fiber of / can 
be categorified to an Aoo-category Fuk~^(/) called the directed Fukaya category whose 
derived category D^Fuk~^(/) is, as a triangulated category, an invariant of the holomorphic 
function /. 

If /(x, ?/, z) is a weighted homogeneous polynomial then one can consider another in- 
teresting triangulated category, the category of a maximally-graded singularity Dgg{Rf): 

DsiiRf) ■= D\gr^f-Rf)/D\pToi'^f-Rj), (0.1) 

where Rj := C[x,y, z]/{f) and Lf is the maximal grading of /. This category D^g{Rf) 
is considered as an analogue of the bounded derived category of coherent sheaves on a 
smooth proper algebraic variety. 

In this setting, homological mirror symmetry conjectures can be stated as follows: 

Conjecture ([l][2Tj). Let f{x,y,z) be an invertible polynomial. 

(i) There should exist a quiver with relations {Q, I) and triangulated equivalences 

Dg^iRf) ~ D\mod-CQ/I) ~ D^Fuk^(/*), (0.2) 
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where /* denotes the Berglund-Hiibsch transpose of f . 
(ii) There should exist triangulated equivalences 

D'coHFl^^^^J ^ D\mod-CQa,,a,,ajn ^ D'Fnk~-iTa,,a,,a,), (0.3) 

which should be compatible with the triangulated equivalence (\0.2\i . where P^^ a^.aa 
is the orbifold with 3 isotropic points of orders 01,02,03, Qai,a2,a3 is a quiver 
given by the following graph 

ai+a2+a3 — l 



ai 




1 



with the orientation from vertices with smaller indices to those with larger indices 
and I' is the ideal generated by two generic paths from the Oi + 02 + 03 — 2-th 
vertex to the Oi + 02 + 03 — 2-th vertex {which we sometimes draw in the graph 
two dotted edges), and Ta^ a2,a-i '■= + a^2^ + a^s^ — 0x1X2X3, c G C*. 

It is natural to expect the following from (ii) of the above homological mirror sym- 
metry conjectures since their "complexified Kahler moduli spaces" should be isomorphic 
and there should exist Frobenius structures (K. Saito's flat structures) on them: 

Conjecture. There should exist isomorphisms of Frobenius manifolds among 

(i) Mpi the one constructed from the Gromov-Witten theory ofF\^^^^^, 

(ii) iVf(Q^^ ^2 J'), the one {should be) constructed from the invariant theory of the 
reflectionl group associated to the quiver with relations {Qai,a2,a:j, I') , 

(iii) Mt^_^ 03,00; the one constructed from the universal unfolding of Ta^^a2.a-i by the 
choice of primitive form "at c = 00". 

Rossi shows in [9] that Conjecture holds under the condition 1/01 + 1/02 + 1/03 > 1. 
The next case to consider is when the triple (01,02,03) satisfies the condition l/oi + 
I/02 + I/03 = 1, in other words, the case when the polynomial / defines a simple elliptic 
singularity (see [3] for this relation between (oi, 02, 03) and /). In particular, in this paper 
we shall give a proof of the above Conjecture for (01,02,03) = (3,3,3) with the explicit 
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presentation of the potential which gives us interesting quasi-modular forms based on the 
uniqueness of the solution of the WDVV equation. The following is our main result in 
this paper: 

Theorem. We have isomorphisms of Frobenius manifolds 

^^3,3,3 - - ^T3,3,3,00, 

where M (i,i) denotes the Frobenius manifold constructed from the invariant theory of the 
elliptic Weyl group of type E^^'^^ (see Saito [10], [13] ). 

pi 

Moreover, the genus zero Gromov-Witten potential Fq^'^'^^ and the genus one Gromov- 
pi 

Witten potential p^^''^-'^ ^ which is also considered as the G -function on M^(i,i) and as the 
one on Mt^^^^oo, o^^e expressed by quasi-modular forms. □ 

An important consequence of this theorem is that we can give a geometric interpre- 
tation of the Fourier coefficients of an eta product considered by K. Saito [15], [16] : 



Theorem. Denote by r]{T) the Dedekind's eta function 

ry(r) := e^^^ H " e^^^^"") , r G H := {r G C | Imr > 0}. 



n>l 

\3, 



The eta product ri{3T) /ri{T) is a generating function of Gromov-Witten invariants of 
P333. More precisely, the Fourier coefficient Ck defined by 



2t7 v^^Tt 



e 3 



Y.Cke'-^''^ (0.4) 



' fc>0 

is the Gromov-Witten invariant 

_ evl'ji A ev2'y2 A 6^373, 

["^0,0,3fc[pl 3 3] ('^3,3,3)1""' 

where 'ji is an element of h111{W\ 3 3, Q) corresponding to the i-th isotropic point on P3 3 3. 

□ 

We can also apply the same method for the proofs of Conjecture themselves for 
other two cases when (01,02,03) = (2, 4, 4), (2, 3, 6), however, we omit them here since 
the number of monomials in those potentials are large (more than 50 for (2,4,4) and 
more than 200 for (2,3,6)) we can not give the explicit presentation of the potential in 
this paper and we could understand not all but a few of interesting quasi-modular forms 
appearing in those potentials. 

We can also consider a similar problem for which we do not have a hypersurface 
singularity: 
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Theorem. We have an isomorphism of Frobenius manifolds 



where P2 2 2 2 denotes an orbifold with four isotropic points of orders 2 and M^(i,i) 
denotes the Frobenius manifold constructed from the invariant theory of the elliptic Weyl 
group of type D^'^K 

pi 

Moreover, the genus zero Gromov-Witten potential Fq^'^'^'^ and the genus one Gromov- 

pi 

Witten potential p ^,2,2,2^ which is also considered as the G -function on M (i,i), are ex- 
pressed by quasi-modular forms. □ 

Note that in order to obtain the mirror isomorphism we have to develop the theory 
of primitive forms for the pair of singularity and its symmetry group. Once we had such 
a theory, we may apply it for the pair (T2^4^4, Z/2Z), for example. 

If the triple (oi, 02, as) satisfies the condition 1/01 + 1/02 + 1/03 = 1, then we have 
the triangulated equivalence Dgg{Rf) ~ D^coh.{Fl_^^^,^^^^) of Buchweitz-Orlov type (see 
[22] )• Also note that a mathematical formulation of the topological A- model for Landau- 
Ginzburg orbifold theory is considered in [5j, which is called Fan-Jarvis-Ruan-Witten 
(FJRW) theory. Therefore, it is also natural to consider the following: 

Conjecture. Let Ta^^a2,a3 be a polynomial which defines a simple elliptic singularity Eq, 
E-j or Es- There should exist an isomorphism of Frobenius manifolds between 

(i) M(T^_^^^^^^^^z/dZ),FjRW, the one constructed from the FJRW theory for the pair 
{Tai,a2,a3, li/dZ) whcrc d = 6,7,8 for Eq, E^, Es respectively, 

(ii) Mj-^^ 0; the one constructed from the universal unfolding of Ta^ a2,a3 by the 
choice of primitive form "at c = 

The authors are notified that Shen gives a proof of this Conjecture based on the 
calculations of Mr^^ by Noumi-Yamada [B] and Milanov-Ruan prove a generalization 
of this, namely, the one for all genus potentials and their quasi-modularity. 
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1. Gromov-Witten theory for orbifolds 



Gromov- Witten theory is generalized for orbifolds (smooth proper Deligne-Mumford 
stacks). It is first studied by Chen-Ruan [2] in symplectic geometry and later by Abramovich- 
Graber-Vistoli [1] in algebraic geometry. In order to generalize Gromov-Witten theory 
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for manifolds to the one for orbifolds, one also needs to count the number of "stable maps 
from orbifold curves". For this purpose, in [2] the notion of orbifold stable maps is intro- 
duced and in [1] the notion of twisted stable maps is introduced. These two construction 
are quite different, however, as the usual Gromov-Witten theory for manifolds, they are 
expected to give the same Gromov-Witten invariants since they have common philosophy. 

Let X be an orbifold (or a smooth proper Deligne-Mumford stack over C). Then, 
for g G Z>o, n G Z>o and (3 G H2{X, Z), the moduli space (stack) M.g^n,p{'^) of orbifold 
(twisted) stable maps of genus g with ra-marked points of degree /3 is defined. There 
exists a virtual fundamental class [-^9,n,/3('^)]^*'^ and Gromov-Witten invariants of genus 
g with n-marked points of degree {3 are defined as usual except for that we have to use 
the orbifold cohomology group if*^{,(A:', Q): 



and call it the genus g potential where {7j} denotes a Q-basis of if*^^(A:', Q). The main 
result in [1] and [2] tell us that we can treat the Gromov-Witten theory defined for 
orbifolds as if X were usual manifold. In particular, we have the point axiom, the divisor 
axiom for a class in if^(A:',Q) and the associativity of the quantum product, namely, 
the WDVV equation (see, for example, [2] for details of these axioms.), which gives a 
(formal) Frobenius manifold. These axioms enable us to calculate genus zero Gromov- 
Witten potential easily. 

In this paper, we shall only consider the case when X is P2 2 2 2 ^3 3 3) ^^e orbifold 
with 4 isotropic points of order 2 or the orbifold with 3 isotropic points of order 
3. Note that both are given by the global quotient of an elliptic curve E, more precisely, 
we have P2,2,2,2 = [E/(Z/2Z)] and P^ g g = [E/(Z/3Z)]. For these examples, by the 
uniqueness result on genus zero and one potentials, we shall see that two definitions of 
Gromov-Witten invariants by [IJ and [2] coincides. 




evl^ii A... e<7„, 71, • • • , 7n e H^^-biX, Q) 
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2. Explicit calculations for ^2,2,2,2 



We can choose a basis 7o, ■ ■ ■ , 75 of the orbifold cohomology group -f^orb (^2,2,2,2; Q) 
such that 

4 

^0^(^2,2,2,2, Q) ^ Q70, HUK2,2,2, Q) ^ Q7^, ^0.6(^2,2,2,2, Q) ^ Q75, 

i=l 

and 

/ 7oU75 = l, / 7i U7j = i,j = 1,...4. 

/pi /pi ^ 

"^^2,2,2,2 "■^"^2,2,2,2 

Denote by to, • • • ,^5 the dual coordinates of the Q-basis 70, ... ,75. In discussion below, 
by applying the divisor axiom, we consider logg as a flat coordinate instead of ^5. 

2.1. Genus zero potential. 

pi 

Theorem 2.1. The genus zero Gromow-Witten potential p^^''^'^''^ 0/ P2,2,2,2 ^■^ given as 
follows: 

Fo'^''^' -^ltllogq + \to{tl + tl + tl + tl) 

+ {ht2t3t4) ■ Mq) + ^(^1 + ^2 + ^3 + 4) ■ fM 
+ litltl + tltl + tltl + tjtl + tjtl + tltl) ■ /2(g), 



where 



/o(g):=^(/(g)-/(-g)), (2.1) 

/i(g) :=/(?'), (2.2) 

/2(g) := /(g) -/o(g)-/i(g), (2.3) 

/(^) - + E -i4^ = -^^ i«g(^(^))' (2-4) 

n=l 

00 

r^(g) :=gii J](l-g«). (2.5) 



n=l 



Proof. We can show Theorem by the following uniqueness of the potential: 

Lemma 2.2. There exists a unique ^-dimensional Frobenius structure with fiat coordinates 
to,ti,t2,t3,t4,t satisfying the following conditions: 

(i) The Euler vector field E is given by E — to-^ + Ylk=i l^fe^- 
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(ii) The Frobenius potential Fq is given by 

Fo^ltlt+^to{tl + tl + tl + tl) 

+ (tit^tst,) ■ /o(e*) + ^{ti + ti + tt + ti) ■ Me') 

+ 1(^4 + tbl + + t¥i + t¥i + t¥i) ■ /2(e*), 

where fo{q), fi{q), f2{l) have the following formal power series expansions: 

oo oo oo 

n=l n=0 n=0 

Proof. We can show that the WDW equation is equivalent to the following differential 
equations: 

5^/o(g) = ^/o(g)/2(g) - 24/o(g)/i(g), (2.6) 

= -\k{<lf - y/i(?)/2(g) + ^/2(g)^ (2.7) 

g^/2(g) = 6/o(?)^-^/2(g)^ (2.8) 

Hence, we have the following recursion relations for an,bn,Cn: 

8 
3 



na„. = - X "fe^n-fe - 24 X «ik^n-fe, (2.9) 
fc=i fe=i 

2 n-l n g n 

nbn = - 2 X ~ y X + 9 X ^kCn-k, (2.10) 

fc=l fe=0 fe=0 

n— 1 g n 

k=l k=0 

In particular, by setting n = 0, 1, wc get Cq = and b^ = —1/24. Therefore, the above 
recursion relations have the unique solution. □ 

Next, we construct the analytic solution to the WDW equation as follows. 

Lemma 2.3. Put 

/o(g):=^ (/(?)- /(-?)), (2.12) 
/i(g) :=/(?'), (2.13) 
/2(g) := /(g) -/o(g)-/i(g), (2.14) 

n=l 
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Then the functions foiq), fiig), f2{<l) satisfies the following differential equations: 

Q^Mq) = lfo{q)f2{q) - 24/o(g)/i(g), (2.16) 

= -Im' - y/i(?)/2(g) + ^/2(g)^ (2.17) 

g^/2(g) = 6/o(g)^ - lf2iqr. (2.18) 



Proof. Put 



meZ 

Ma) :=E^'"'' 



^4(g) :=$^(-i)"^g'^ 



X,{q) ■.= q-^\og^, {^ = 2,3,4). 
Then the following differential relations 

^q^iMQ) + Mq)) = 2X,{q)Xs{q), (2.19) 

ig^(X3(g) + X4(g)) = 2Xsiq)X,{q), (2.20) 

lg^(X4(g) + X2(g)) = 2X4(g)X2(g) (2.21) 

are classically known as Halphen's equations (cf [7]). For the proof of Lemma, we should 
only prove that 

^2(g) = -6/i(g) + ^/2(g), (2.22) 

Xsiq) = 2/o(g) - p2{q), (2.23) 

X4(g) = -2/o(g)-^/2(g). (2.24) 



For Xi{q) {i = 2, 3, 4), we have 



X,{q) = q-^^hgMq^'viq'n (2.25) 

Xsiq) = q^^\og[r^iqr'viq'MqT% (2.26) 
X,{q) = q-^log[rjiqfr]iqy] (2.27) 



by Jacobi's triple product formula. 
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For fo{q), fiig), f2{(l), we prepare the following Sub-Lemma. 
Sub-Lemma 2.4. For f{q), we have 

lif{q) + f{-q)) = 3f{q')-2f{q% (2.28) 



Proof. We define cT(n) (n > 1) by 



^ CO 



24 ^ ^ 

n=l 

If n = 2''m with m:odd, then (T(n) = (1 + 2 H h 2'')a{m) = (2^+^ - l)cr(m). Thus we 

have (j(2n) = 3cr(n) if n is odd. Also if n is general, we have (T(4n) = 3cr(2n) — 2cr(n). 
Then we have D 

By fl2:28|) . we have 

/o(g) = -g^log[r/(g)r/(g2)-fr^(g4)f]^ (2.29) 
/i(g) = -g^log[^(g')^], (2.30) 

f2{q) = -q^^log[ri{q')^{q'r^. (2-31) 

From (E25])-(E2Z!) and ( 12:291) -f lOTD . we have (121221) -( 121241) . □ 

From the definition of the orbifold cohomology ring Horbi^2 2 2 2y'^) together with 
the non-degenerate symmetric bilinear form defined by the integral Jpi over P2 2 2 25 
is easy to show that, by a suitable choise of basis of -f^orfe (^2,2,2,2 5 ^^e Gromov-Witten 
potential is of the form in the above Lemma except for the condition ai = 1. The condition 
Oi = 1 follows from the fact that the Gromov-Witten invariant Oi counts the number of 
morphisms from 2 2.2 to IP2 2 2 2 of degree one, which is exactly the identity map. Hence, 
we have ai = 1. Now, the statement in Theorem 12.1! follows from the uniquness of the 
potential. □ 

pi 

By Theorem 12.11 Gromow-Witten potential Fq ^'^"^'^ converges on the domain 
|g| < 1. Thus it gives a Frobenius manifold Mpi _^ ^ ~ {2; G C | Re^; < } x with fiat 
coordinates (logg, to, ti,t2, ts, ^4). 



For the elliptic root system of type -04^'^'' (pH]), the domain E^(i,i) and the elliptic 
Weyl group W^(i,i) are defined and the quotient space M (i,i) := E (i,i)//iy (i,i) ~ {z G 
C I Re2; < } X has a structure of the Frobenius manifold ([E], [IS])- Its potential is 
explicitly calculated in [18] as follows: 



10 
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Lemma 2.5. ([18j) By choosing the flat coordinates t, 60,61,6^,64^, 62 of M^{i.i), the po 



(1.1) 



tential Fq * is expressed as 



^0 



(1,1) 1 



t{62f 



where 



+ -e2[e02 + el^ + eS^ + 64^] 

+ (e0ele3e4) ■ /io(t) 

+ ^(e0^ + el^ + e3^ + e4^) 

+ -(eO^el^ + eO^eS^ + 60^642 + el^eS^ + 61^642 + 63^642) • h2{t), 
6 



2^K^ 24°°'^^"^ 



2 r/(e2*) 



eo,i(g) = $^g("'") = i + ---, 

where M is a coroot lattice of D4 and ui is one of the fundamental weights in the notation 
of Bourbaki. □ 

Remark 2.6. We remark that the correspondence of the above coordinates with the ones 
in [TBI is 

-1 



t = TTv — It, eO = cO, el = cl, e3 = c3, e4 = c4, e2 



2(27rA 



rc2 



and we take the intersection form of the Frobenius manifold as -77; — r=^I* instead of /*. 



Since the potential F^^ satisfies the assumptions of the Lemma 12.21 we have 
Theorem 2.7. The Frobenius manifold Mpi and the Frobenius manifold M„(i,i) are 

•' "^2,2,2,2 ■' D\ ' 

isomorphic as Frobenius manifolds. □ 



(1,1) 
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2.2. Genus one potential. We shall also give the genus one Gromow-Witten potential. 



Theorem 2.8. The genus one Gromow-Witten potential F^^'^'^'^ 0/P2222 ^■^ given as 

i^r^'"^" = -^log(r/(g^)). (2.32) 

pi 

Proof. It is easy to see that the genus one Gromow-Witten potential ^'^'^'^ is an element 

of Q[[5']], namely, independent from other fiat coordinates to, . . . ,t4 since the Euler vector 

field is given hj E = io^+X]fc=i l^k-^- Therefore, we only have to consider the (orbifold) 

stable maps with one marked point from smooth elliptic curves to P2222 ~ [E/(Z/2Z)], 

which factor through E by definition. Hence, we have 

, -.00 

n=l 

One may also obtain the statement by Dubrovin-Zhang's Virasoro constraint [3]. 
Indeed, Proposition 4 in |[3j gives us the equation 

By Sub-Lemma 12.41 we have fi{q) + |/2(q') = fi.'f)- D 

The proof of Theorem 12.81 also shows that the genus one potential is uniquely re- 
constructed from the genus zero potential. In particular, this implies the G-function of 

pi 

M (1,1) coincides with p^"^-^'"^'^ _ 

3. Explicit calculations for P3 3 3 

We can choose a Q-basis 70, . . . , 77 of the orbifold cohomology group -f^oj-fe (^3,3,3' Q) 
such that 

3 

2 



i=l 



HUn,s,3^ Q) ^ Q70, H^Fl,^,, Q) ^ 



^orb (^^3,3.3' ' 



and 



7oU77 = l, / 7iU7j = J(5i+j_7,o, i,j = 1,...,6. 

pi o 

'^3,3,3 



Denote by • • • 5 tj the dual coordinates of the Q-basis 70, ... , 77. In discussion below, 
by applying the divisor axiom, we consider logg as a fiat coordinate instead of tj. 
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3.1. Genus zero potential. 

pi 

Theorem 3.1. The genus zero Gromow-Witten potential F^^^'^'^ '5/^3,3,3 ^■^ given as 
follows: 

Fo''''' =ltl logg + ^toitite + ta^s + ^3^4) + itit2t3) ■ fo{q) 

+ 1(4 + 4 + 4) ■ Hq) + iht2t5t6 + tltst^G + t2tzt4^) ■ /2(g) 

+ \{4Ut5 + 4Ut6 + tlt^te) ■ /3(g) 

+ ^(^1^2^! + ^1^3^! + ^2^3^!) • /4(g) + \itltl + tltl + tltl) ■ /5(g) 

+ 1 [tM4 + 4) + hh{4 + 4) + hui4 + 4)] ■ Mq) 

+ ^(tiMs^e + Wlte + tstlt^te) ■ friq) 

+ ^{titltl + t2tltl + tstltl) ■ /8(g) + ^{ti4 + 124 + tstj) ■ /9(g) 

+ ^{44 + 44 + 44) ■ /10(g) + ^{ut54 + ut% + t^t^tt) ■ Mq) 
+ 1(444) ■ fMq) + ^{4 + 4 + 4) ■ fM, 

where fi{q),i = 0, ... ,13 are given by 

1 

Ml) = + a(5)Vo(9)^ 

y Jo 

/3(g) = /o(g)', /4(g) = a(g)/o(g)^ 

/5(g) = -|4^ + a(g)Vo(g)^ 
y Jo 

Mq) = fo{q)M7{q) = a(g)/o(g)^ ^(g) = a(g)Vo(g)', 

/9(g) = a(g)Vo(g)', /10(g) = 3a(g)/o(g)^ /11(g) = 3a(g)Vo(g)', 

/12(g) = (2 + a(g)■^)/o(g)^ /13(g) = 3a(g)(2 - a(g)3)/o(g)^ 



and 



ail) -l + l - l^-'il + W -7q' + 3q' + ... ). 



Proof. We can show Theorem by the following uniqueness of the potential: 
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Lemma 3.2. Let -Fo(to, ■ • • ,t6,t, fo, ■ ' ' > /is) be a polynomial defined by 
Foito, • • • ,t6,t, for - - ) /is) 
■.=^tlt + ^toihU + t2h + ^3*4) + {ht2h) ■ fo 

+ 1(4 + 4 + 4) ■ h + {hhhh + hhUh + t2hUh) ■ h 

+ \{ht2tl + hhtl + hhtl) ■ u + 1(44 + 44 + 44) ■ h 
+ \ [tM4 + 4) + t2h{4 + 4) + tM4 + 4)] ■ h 

+ 2(^1^4^5^6 + ^2^4^5^6 + ^3^4^5^6) ' /t 

+ \{ti44 + 1244 + h44) ■ h + Y^{h4 + ^4 + h4) ■ h 

+ 3g(^4^5 + ^4^6 + 4'4) ■ /lO + ^(^5^6 + ^4^5^6 + ^4^5^6) " /n 

+ \{444) ■ h2 + ^^{4 + 4 + 4) ■ h^- 

(i) For the holomorphic functions /o(t), ■ • ■ , fi?>(t), the holomorphic function 

Fo(to, ■ ■ ■ ,tQ,t, fo{t), ■ ■ ■ , fisit)) is a potential of an S- dimensional Frohenius struc- 
ture with flat coordinates to- ^i- ^2? ^aj ^4, ^5, ^6? ^ such that the Euler vector field E 
IS given by E = to^^ + ELi 1^^^ + ELa l^i; 
if and only if there exists yl e C* such that 

f(t)-a(t)f(t) f(t)- ^ (aity a{t)Mtl 
flit) - a(t)/o(t), f2{t) - + ^— ^ 



^^^(t)^ ^ _ 1 a{t)a{ty 
„ , , 1 fa{t)" 2a{tfa{t)'' 



32 \ a(t)' l-a{tf 
fe{t) = l>l-Vo(^)^/7(^) = a{t)f,{t),fs{t) = a(i)V6W, 
f,{t) = a{tffe{t)J,o{t) = ^A-'a{t)fo{t)\f^,{t) = a{t)f^o{t), 
fi2{t) = + amfo{t)\ fn{t) = (2 - a{tr)f^o{t), (3.2) 
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and 

where a{t) = /i(t)//o(t) and' = j^. 
(ii) There exist uniquely the following formal power series: 

oo oo 

7o(g) = 5ZaoHg", Uq) = Y,^^{n)q\ ^ = 1, . . . , 13, (3.4) 

n=l n=0 

TOt/i ao(l) = 1 anc? ai(0) = | snc/i t/iai -fo(^o, " " " , ^6, ^, /o(e*), ■ ■ ■ , /i3(e*)) zs a j»o- 
tential of an '8:- dimensional Frobenius structure with flat coordinates to, ti, . . . , tg, t, 
and the Euler vector field E = to-^ + J2k=i 1^^^ + Yfk=4 1^^^- 

Proof. The assertion (i) is a direct consequence of WDVV equations and discussed already 
in p3]. For a proof of (ii), we prepare the following Sub-Lemma. 

Sub-Lemma 3.3. There exists a unique formal Laurant series 

oo 

f{q) = E 

n=-l 

satisfying the following conditions: 



1 



1 

3 ■ 



(i) The first coefficient a_ 

(ii) /(g) satisfies the following differential equation: 

where ' = q-^. 



f{q)' 2\f{qyj 2(l-/(g)3) 

fdq 

Proof. Put 



S{q) := (1 - /(g)')^[/(g)' ■ fiq)'" - ^(/(g)")'] + ^(8 + f{q?) ■ f{q) ■ (/(?)')'• 

We consider the condition (ii) as all coefficients of the g-expansion of S{q) must be 0. For 
the cases of n < 0, the coefficients of of S{q) equal to 0. For the cases of n > 1, the 

coefficients of g~'^+" of S{q) are of the forms 

— n^aL]^a„_i + the polynomial of 

Since we have a_i = 1/3, the coefficients ao, ai, ■ ■ ■ are uniquely determined inductively. 

□ 
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We first construct /o(g'), ■ ' ' ; fisil)- Take a formal Laurant series /(g) as tlie one 
which is constructed in Sub-Lemma 13.31 We take A E C* such that the formal power 
series: A{Y^y^y^'^ has an expansion q + Then must be 1/9. We define the 
following formal power series: 

/o(g) := A{^M^f'\ fM := /(g)/o(g), 



in a parallel manner as in (13. 2p . By (i) of this Lemma, we see that fi{q){i = 0, ■ ■ ■ , 13) 
satisfy the conditions of (ii). 

We show the uniqueness of fi{q) {i = 0, ■ ■ ■ ,13). We assume that fi{q) {i = 
0, ■ ■ ■ ,13) also satisfy the conditions of (ii). Put f{q) := fi{q)/fo{q)- By (i) of this 
Lemma, we see that 

(i) /(e*) must satisfy the differential equation (13. 3p . 

(ii) 3A e C* such that 



t\ /I I dt 



/o(e*) = A 



d V. \ 1/2 
1 - /(e*^2 



From (i), /(g) satisfies (13. 5p . Since /(g) has the expansion |g ^ + ■ ■ ■ , /(g) must be /(g) 
by Sub-Lemma 13.31 From (ii) and a comparison of the leading term of g-expansions of 
Jo{q) and /o(g), we have %{q) = fo{q) and A^ = A^. Since ^(e*) (i = 1, ■ ■ ■ , 13) must 
satisfy (13. 2p . we have /i(g) = /i(g) (^ = 1, ■ ■ ■ , 13). Thus we obtain Lemma IX^ □ 

Next, we construct the analytic solution to the WDVV equation as follows. 

Lemma 3.4. Put 

Then h{q) has the following properties: 

(i) h{q) satisfies the following differential equation. 

2 V A(4)' / 2(1- h(qr)' ' ' 

where ' = q-^ . 

(ii) h{q) satisfies the following equation: 

1 hjqfiS + hiqff _ 

64 {1-hiqrr ~ ^ ' ^ ' 
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where J{q) is the Laurant series characterized by the conditions that 

(a) J(g) = ^(g-3 + 744 + ---), 

(b) J(exp( ^"^^^'^ )) is the elliptic modular function on the upper half plane EI 
{r G C|Imr > 0}. 

(iii) h{q) has the following expressions: 



%)=- + 3^^^J ■-P(^^) = - +3^^^J ■-P(^^)' (3-8) 
where to = exp(^2:^^). 
Proof. In the uniformization of the Hesse pencil: 

is studied and the parameter a is described as a holomorphic function a(r) on the upper 
half plane EI = {r G C | Imr > }. From this description and by the Jacobi's imaginary 
transformation r 1— ?■ — -, we have 

a(r) = Mexp( ^^^^ )). (3.9) 

Then (i), (ii) are direct consequences of this identification. For (iii), they are described 
in [S] (use again Jacobi's imaginary transformation r 1— )■ — ^). □ 

Finally, we give two important formulas for the function h{q) in Lemma [3.41 

Lemma 3.5. We have the following equations: 

^ (q^hiq)f 



Proof. We have 



<'*^"»" -,ifr, (3.12) 



26 . 39 J{qY{J{q) - 1 



|3 



because the leading terms of the g-expansions coincide and if we put q = exp(^^^^), 
then both sides are the cusp forms of weight 12 with respect to the SL{2, Z) action and 
they are uniquely determined by the leading terms of the g-expansions. 

By dSZl) and ( KWf . we have (I3A0|) . 

We could easily check that 

exp( — ^^MqMq^'^Mq^'^Mq'^) = (viQ^))^- (3-13) 
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By dM]), dSlD, (137[3|) . we have 

By (13.101) . fl3.14p and the comparison of the leading terms of g-expansions, we have 

(Em). □ 

From the definition of the orbifold cohomology ring H*^jj(¥l^^,C) together with 
the non-degenerate symmetric bilinear form defined by the integral Jpi over P3 3 3 , it 
is easy to show that, by a suitable choise of basis of H*^f,{Fl ^ ^, C) , the Gromov-Witten 
potential is of the form in Lemma 13.21 except for the condition ao(l) = 1. Indeed, we 
can choose elements 71,75 G if*^^(P3 3 3, C) contained in the basis which will correspond 
to coordinates ^1,^6 such that 71 o 7^^ = 75 and Jpi 7i U 73 = | where o denotes the 
orbifold cohomology ring structure on iJ*^^(P3 3 3, C). This gives us ai(0) = |. The 
condition ao(l) = 1 follows from the fact that the Gromov-Witten invariant ao(l) counts 
the number of morphisms from P3 3 3 to P3 3 3 of degree one, which is exactly the identity 
map. Hence, we have ao(l) = 1. Now, the statement in Theorem 13.11 follows from the 
uniquness of the potential. □ 

Now, we consider the Frobenius structure on the base space of the universal unfolding 
of simple elliptic singularity of type Eq : Wj^^{xi, X2, X3) := xl + xl + x^ — 30x1X2X3. It is 
easily obtained once we fix a primitive form (see [17] for example). It is proven by K. Saito 
in [TT] that there exists a primitive form for Wj^^{xi, X2, X3) = xf+Xg+Xg — 30x1X2X3 and it 
is given by choosing a cycle in the corresponding elliptic curve {PFg^(xi, X2, X3) = 0} C P^. 

Denote by M^^ ^ the Frobenius manifold with the choice of the primitive form 
associated to the cycle in the elliptic curve which vanishes when the parameter a goes to 
infinity. In view of (i) of Lemma 13. 2[ we only have to calculate the holomorphic function 
a{t) in order to describe the potential for M^^ ^. However, it is also easy to see from the 
result in [llj that we can choose the uniformization parameter r/3 as the flat coordinate 
t for our choice of primitive form and hence we have a(r) = h{exp{ '^'^^^^ )) as in the 
equation (13. 9p . By rescaling other fiat coordinates suitably, it is possible to set A = 1/3 
(in the notation of (i) of Lemma 13. 2p . Therefore, we can apply the uniquness of the 
potential, (ii) of Lemma 13. 2[ and hence we obtain an isomorphism Mpi ^ ^ — ^ as a 
Frobenius manifold. 

On the other hand, for the elliptic root system of type Eq^'^^ ([13]), the domain 
E (1,1) and the elliptic Weyl group W„(i,i) are defined and the quotient space M {i,i) := 

£,g Jig tjg 

Er.(i,i)//H^„(i,i) ~ |z e C I Re2; < | x has a structure of the Frobenius manifold 
isomorphic to Mg^ ^ ([12], [H], [E]). To summarize, we obtain the following 
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Theorem 3.6. We have isomorphisms of Frobenius manifolds 

''^3,3,3 -Be.oo ' 

□ 

3.2. Genus one potential. We shall also give the genus one Gromow-Witten potential. 

pi 

Theorem 3.7. The genus one Gromow-Witten potential F^ ''"^'^ 0/P333 is given as 

Ff^'^'^ = -llog(r/(g3)). (3.15) 



Proof. The proof is similar to the one for F-^^ ' ' ' . It is easy to see that the genus one 

pi 

Gromow-Witten potential F^ ^'^'^ is an element of Q[[q\] since the Euler vector field is 
given hj E = to^^ + YX=i l^k-^ + Yll=4 i^fc^- Therefore, we only have to consider 
the (orbifold) stable maps with one marked point from smooth elliptic curves to P3 3 3 = 
[E/(Z/3Z)], which factor through E by definition. Hence, we have that 

n=l 

One may also obtain the statement by Dubrovin-Zhang's Virasoro constraint [3]. 
Indeed, Proposition 4 in [3] gives us the equation 

By the equation fl3.1UI) in Lemma ESI we have — log(g^/i(g)) — |~^^r^|^)r~ = 
-ig|log(r/(g3)). □ 

Strachan [20] calculates the G-function for the Frobenius structure on the universal 
unfolding of simple elliptic singularities of type Eq,Ej, Eg with the choice of the primitive 
form "at a = 0". If we use the primitive form "at a = 00" instead, then G-functions 
for Eq, Ej and Es can be obtained as —^\og{rj{q^)), —\^og{ri{q'^)) and —\^og{ri{q^)) 
respectively. This is consistent with our calculation of Gromov-Witten invariants and 
mirror symmetry. 
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